The gradient approach, specifically gradient elasticity theory, is adopted to revisit certain typical configurations on mechanical vibrations. New results on size effects and scale-dependent behavior not captured by classical elasticity are derived, aiming at illustrating the usefulness of this approach to applications in advanced technologies. In particular, elastic prismatic straight beams in bending are discussed using two different governing equations: the gradient elasticity bending moment equation (fourth order) and the gradient elasticity deflection equation (sixth order). Different boundary/support conditions are examined. One problem considers the free vibrations of a cantilever beam loaded by an end force. A second problem is concerned with a simply supported beam disturbed by a concentrated force in the middle of the beam. Both problems are solved analytically. Exact free vibration frequencies and mode shapes are derived and presented. The difference between the gradient elasticity solution and its classical counterpart is revealed. The size ratio c/L (c denotes internal length and L is the length of the beam) induces significant effects on vibration frequencies. For both beam configurations, it turns out that as the ratio c/L increases, the vibration frequencies decrease, a fact which implies lower beam stiffness. Numerical examples show this behavior explicitly and recover the classical vibration behavior for vanishing size ratio c/L.
Introduction
The topic of size effect is a subject of increasing interest due to the fact that current applications in modern technology involve a variety of length scales ranging from a few centimeters (sheet metal forming) down to few nanometers (thin film technology). This range of scales and related necessity for modeling and experiment has revealed that a connection between the various length scales involved and the corresponding mechanical response of different size, but otherwise geometrically similar specimens, can be established through gradient theory, as advanced by Aifantis and co-workers (see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] ).
The implication of the theory of gradient elasticity was not as obvious as in the theory of gradient plasticity where pattern-forming deformation instabilities (dislocation clusters, shear bands) cannot be modeled with classical plasticity theory which does not involve internal lengths and corresponding strain gradients and, thus, it breaks down in the material softening regime. Nevertheless, in more recent works, the usefulness of gradient in elasticity theory has been documented especially in connection to eliminate elastic singularities from dislocation lines and crack tips, and also in connection of capturing size effects at micron and nano scales (micro cantilevers, nanotubes). An introduction to gradient theory as applied to mechanical behavior can be found [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . It should be pointed out that even though at a first glance it may be thought that gradient theory is a special case of earlier theories of generalized continuum mechanics [14] [15] [16] [17] , in fact, it departs significantly from them as it is designed to account for material instabilities, removal of singularities, and size effects [18] [19] [20] [21] . This was illustrated by many authors [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] and a comprehensive review can be found [31] .
In any case, simple gradient models and related experiments to measure internal lengths and evaluate the effect of gradient terms are still needed. It is on such an area that gradient elasticity theory can be easily applied to gain insight and direct input on model development and validation in beam bending. In fact, static bending and vibration of beams is an area that has been considered to some extent but has not been sufficiently explored, especially in connection with experiments on size-dependent modal analysis. Vibration of structural members with continuously distributed mass and stiffness (e.g. cantilever and simply supported beams) are routinely treated in every textbook on solid mechanics by using the classical elasticity approach. We revisited typical configurations of vibrating beams within a simple gradient elasticity framework. Gradient elasticity is a physically-based generalization of classical elasticity containing an internal length multiplying a Laplacian of strain term added to the constitutive equation of the standard Hooke's law. This higher-order gradient term has been shown to conveniently interpret size effects, in agreement with experiments. In particular, size effects for statically deformed beams that have been recorded experimentally can now be interpreted theoretically through static gradient elasticity [12, 13, 26] . It is thus very reasonable to expect that such effects will also occur in dynamical situations as in cantilever beams subjected to free (transverse) vibration. As in the case of static beam bending where size effects have been noted when a characteristic dimension of the specimen (diameter D, length L) is comparable to the size of the underlying microstructure (grain size, inter-particle/pore spacing) as reflected in the internal length (c), it is also expected here to observe such dynamical size effects (e.g. scaledependent natural frequencies) when the specimen size is progressively reduced. Such a progressive reduction of specimen dimensions is the current trend in relation to miniaturized structural components routinely used in microtechnology and nanotechnology applications.
Most engineering structures and devices are composed of beams from macroscale to nano-scale. For instance in many current applications cantilever beams are the most ubiquitous structures, in the field of microelectromechanical systems (MEMS) like in semiconductor technology for micro and nanoelectronics (e.g. actuators, sensors, and microoptics). Therefore, the fabrication of structural members in engineering is shifting from the micro-scale to nanometer scale [22] . Microfabricated cantilever array sensors are used as ultra-sensitive mechanical sensors converting biochemical or physical processes into a recordable signal in micro-electromechanical systems (MEMS) or nano-electromechanical systems (NEMS). These micro-cantilevers are typically rectangular-shaped silicon bars and their unique feature is their ability to undergo bending due to molecular adsorption or binding-induced changes in surface tension. In biomedical nanotechnology microscale devices constructed from exquisitely sensitive nanoscale components, such as micro-/nanocantilevers, nanotubes, and nanowires, can detect even the rarest biomolecular signals at a very early stage of the disease. These structural members possess one dimension significantly greater than the other two and are usually loaded in the direction normal to their longitudinal axis. They are often designed to resist a combination of loading actions as biaxial, transverse shears, axial tension or compression, and possibly torsion. For an internal compressive axial force, the beam is also designed to resist buckling. If it is subjected primarily to bending forces, it is simply called a beam. But when subject to both bending and axial forces it is called a beam-column. A beam is straight if its longitudinal axis is straight. It is prismatic if its cross section is constant. One-dimensional mathematical models of structural beams are constructed on the basis of beam theories. Because beams are actually three-dimensional solids, all models necessarily involve some form of approximation to the underlying physics. In slender beams with large aspect ratio in order to facilitate the formulation of a simple beam theory, the Poisson effect is considered secondary and may be neglected. The simplest and best known models for straight, prismatic beams is the Euler-Bernoulli (E-B) theory. E-B beam theory (also known as "engineer's" beam theory, "classical" beam theory or just beam theory) is based on a simplification of the linear theory of elasticity which provides a means of calculating the load-carrying and deflection characteristics of beams in structures where transverse shear is neglected. For structures where transverse shear cannot be neglected the Timoshenko beam theory, incorporating a first order correction for transverse shear effects, is used. E-B beam theory was first enunciated circa 1750, but was not applied on a large scale until the development of the Eiffel Tower and the Ferris wheel in the late 19 th century. Following these successful demonstrations, it quickly became a cornerstone of engineering and an enabler of the Second Industrial Revolution. Additional analysis tools have been developed such as plate theory supplanted by finite element analysis, but the simplicity of E-B beam theory makes it extremely useful in applied sciences, especially in structural and mechanical engineering. However, its failure to include higher order strain gradient contributions can lead to underestimates of stresses and inadequacy in capturing any size dependent behavior for small-scale structures. Following the initial work on gradient elasticity and plasticity by Aifantis and co-workers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , gradient plasticity theories were also developed by Fleck and co-workers [22, 23] and related numerical works were conducted by de-Borst and co-workers [24] . Corresponding experimental results have also been reported. Among others, Lam et al. [25] revealed the significance of thickness dependence of micron-sized isotropic elastic cantilever epoxy beams and showed that the normalized bending rigidity increased with decreasing beam thickness. Theory also established that both the normalized regular bending rigidity and the higher-order bending rigidity depend on the internal length scale parameters. Based on a non-local elasticity theory, Sudak [26] studied the column buckling response of multi-walled carbon nanotubes. He derived an explicit expression for the critical axial strain of a double walled carbon nanotube which clearly demonstrated that small scale effects contribute significantly to the mechanical response. Papargyri-Beskou et al. [27] studied the bending and stability of gradient elastic beams with surface energy and found that the beam deflections decrease and the buckling load increases for increasing values of the gradient coefficient (or internal length), while the role of surface energy is small and insignificant for bending and buckling, respectively. In studying the role of material microstructure on plate stiffness with relevance to microcantilever sensors, McFarland and Colton [28] used a micropolar elasticity theory and obtained a bending stiffness relation as a function of any two independent elastic constants of the Hooke's law model and an additional material constant. This additional (internal length) material constant predicted an increased bending stiffness as the cantilever thickness decreased due to the material microstructure measurable at micron-order thicknesses. Challamel and Wang [29] examined non-local cantilever beams using integral-type or gradient non-local models (based on combined local and non-local curvatures) and revealed the role of small length scale terms. Kong et al. [30] studied the static and dynamic response of E-B cantilever beams based on a modified strain gradient elasticity theory proposed [25] . This is a rather complex theory which introduced extra equilibrium equations that govern the behavior of higher-order stresses and the equilibrium of moments of couples (in addition to the classical equilibrium of forces and moments). The beam deflection decreased and the natural frequencies increased remarkably when the thickness of the beam became comparable to the material length scale parameter. In Askes and Aifantis [31] , a gradient elasticity model with stable strain gradients, which incorporated inertia gradients, was introduced to capture the dynamic behavior of carbon nanotubes (CNT). It was used in combination with both Euler-Bernoulli and Timoshenko beam theories and proved able to describe wave dispersion in CNT realistically for small-to medium range wave numbers for which molecular-dynamic results are available.
The modest goal of this article is to explore the implications of the simplest possible dynamic counterpart of gradient elasticity by focusing on mechanical vibrations. We are considering certain typical benchmark configurations in this area and produce analytical easy-to-use sizedependent solution formulas which can conveniently be checked against experimental results for model validation and internal length determination. In particular, analytical results for transverse vibrations of cantilever and simply supported beams are derived with the expectation to be checked against related experimental results, for model validation and theoretical predictions on internal length (microstructure)-dependent frequencies.
2 Problem formulation and methods of solution
Classical derivations of governing equations for a cantilever beam
If the free end of a cantilever beam is subjected to a point load, P, the beam will deflect into a curve. When the force, P, is removed from a displaced cantilever beam, the beam will return to its original shape. However, inertia of the beam will cause the beam to vibrate around that initial location. Assuming the elastic modulus, inertia, and cross sectional area (A) are constant along the beam length, the equation of vibration y(x, t) can be obtained. The frequency equation (transcendental equation):
where A is the cross sectional area of beam, ρ is the density of the beam, E is the modulus of elasticity of the beam, and I is the moment of inertia of beam's cross-sectional area. Equation (1) must be solved to find its roots where at each root K i L the corresponding ω i can be found. Now we can solve for the deflection y n (x, t)
A n depends on the initial position at time zero (y(x, 0))
c 2 is an arbitrary constant and cannot be zero (take c 2 = 1).
The general steps used in the solution of the above system are as follow: 1) Eq. 1 was plotted vs. (K n L) on the x-axis (L = 0.1 m constant) 2) At n = 1 (the first intersection of the plot of Eq. 1 vs. K n L on the x-axis), the value of (K 1 L) was read for that first intersection and then was obtained by
3) the value of ω 1 was obtained from 4) A 1 was found using Eq. 3 (take P = 2 N) 5) y 1 (x, t) was plotted for n = 1 as given in Eqns. 2, 3a, and 3b 6) The previous steps were repeat for the second, third, and fourth intersections (i.e. n = 2, 3, and 4). Table 1 was filled to obtain frequencies for cantilever beam in classical theory.
A MATLAB computer programming code was written to solve the above system. Flowchart of the MATLAB computer programming code is shown in Figure 1 .
Classical derivations of governing equations for a simply supported beam
The same procedure used in the analysis for cantilever beam was followed here with the exception of applying different boundary conditions. The following frequency equation for simply supported beam was obtained: 
This equation must be solved (plotted) to find the natural frequencies. As before, the first intersection gives ω 1 and the second intersection gives ω 2 and so on.
The deflection y n (x, t) is given by:
A n depends on the initial position at time zero (y(x, 0)) and is given by:
The quantity c denotes the internal length associated with higher-order elastic strain gradient effects and when c = 0 it reduces to the classical constitutive equation. Substitute in Hooke's law of gradient mechanics
The general steps used in the solution of the above system are as follow: 1) frequency equation (Eq. 4) was plotted vs.
n L a
2) at n = 1 (the first intersection of the plot of Eq. 4 vs.
n L a ω on the x-axis), the value of the first natural frequency (ω 1 ) was obtained (
a/L 2 ) 3) A 1 was then calculated from Eq. 6 (take P = 2 N) 4) y 1 (x, t) was plotted for n = 1 as given in Eqns. 5, 6a, and 6b 5) The previous steps were repeat for the second, third, and fourth intersections (i.e. n = 2, 3, and 4). Table 2 was filled to obtain frequencies for cantilever beam in classical theory.
A MATLAB computer programming code was written to solve the above system. Flowchart of the MATLAB computer programming code is shown in Figure 2 .
Gradient material derivations of governing equations for a cantilever beam
The governing differential equation for cantilever and simply supported beams is given by:
the moment M(x) is given by
using Hooke's law of gradient mechanics 
Figure 2: Flowchart of the MATLAB computer programming code used to solve the simply supported beam system. th order bending moment equation for the gradient elasticity equivalent.
Substituting Eq. 9 in Eq. 7 gives:
Eq. 10 can be solved using the separation of variables
( , ) ( ) ( ). y x t X x T t =
This would produce two ordinary differential equations
the general solution of Eq. 11 is given by:
A n and B n are constants to be determined and ω n is the natural frequency of the beam. B n = depends on the initial velocity and equals to 0 because the beam starts its vibration when displaced at rest, so
which is the sine Fourier series.
y(x, 0) is the equation of deflection curve in gradient elasticity of the beam as follows:
The solution of the second ODE Eq. 12 is given by:
The characteristics equation of the above equation is given by: α i = in general are complex numbers and can be found form the below boundary conditions.
Classical boundary conditions
If the fixed end of the beam is taken as the origin, then both deflection and slope are zero at this fixed end. Also at the free end where no load is applied, the gradient elasticity bending moment and shear force at (x = L) are zero (assume EI = constant):
Extra non-classical boundary conditions
In considering non-classical BCs, an instinctive examination of the support condition will give possible BCs. The slope at the support is either in existence or vanishing, hence a possible boundary condition will be to impose a vanishing rate of change of the slope at left end. However, the rate of change of the slope is the curvature, hence
An addition greater stiffness condition will be to impose a vanishing rate of change of the curvature at the boundaries, which is the derivative of the curvature
As one can not specify both second and third derivatives simultaneously at the same end, only the following were considered as non-classical BCs:
After the implementation of the above BCs all constants (α i ) can be found and X(x) can be solved. Now, to find the natural frequencies of the system, the six BCs were applied on Eq. 17 to produce the following system of equations in matrix form:
The detailed steps followed to obtain the solution of the above system are as stated below: 1) the non-linear algebraic equation (also called associated characteristic equation) was solved: the first four natural frequencies at this c were taken to obtain (c = 600 nm and its equivalent ω 1 , ω 2 , ω 3 , ω 4 ) 2) step (1) was repeated but for c = 700 nm to (c = 700 nm and its equivalent ω 1 , ω 2 , ω 3 , ω 4 ) 3) step (1) was repeated again but for c = 800 nm to obtain (c = 800 nm and its equivalent ω 1 , ω 2 , ω 3 , ω 4 ). This was repeated till Table 3 was filled. 4) the case (c = 600 nm) was considered to find (α 1 to α 6 ) in the above system by satisfying the matrix system: 
6) y(x, t) was plotted by taking ω = ω 1 and t = 0 while x = variable (x = 0, 0.1L, 0.2L, 0.3L, ….. L) using Eqns. 14, 15, and 17. 7) step 6 was repeated for several values of t. 8) steps from 1 to 7 were repeated for ω 2 . 9) steps from 1 to 7 were repeated for ω 3 . 10) steps from 1 to 7 were repeated for ω 4 .
A MATLAB computer programming code was written to solve the above system.
Gradient material derivations of governing equations for a simply supported beam
1-coth sinh -csch sinh .
FL x
The governing differential equation of the beam was derived before as 4 6 ( -) 0.
EI y cy
Eq. 19 was solved using the separation of variables
( , ) ( ) ( ). y x t X x T t = This would produce two ordinary differential equations
the general solution of Eq. 20 is given by:
A n depends on the initial position at time zero (y(x, 0)) that is given in Eq. 18
The solution of the second ODE Eq. 21 is given by 
α i = in general are complex numbers and can be found form the below boundary conditions.
Classical boundary conditions
Both deflection and moment are zero at left and right ends (assume EI = constant):
Extra non-classical boundary conditions
In considering non-classical BCs, an instinctive examination of the support condition will give possible BCs. The slope at the support is either in existence or vanishing, hence a possible boundary condition will be to impose a vanishing rate of change of the slope at both ends. However, the rate of change of the slope is the curvature,
These are called the points of inflexion. These conditions are regarded as non-classical because of the existence of higher-order boundary conditions and they are not required in the classical theory. An addition greater stiffness condition will be to impose a vanishing rate of change of the curvature at the boundaries, which is the derivative of the curvature
To conclude, the non-classical BCs are
Since one can not specify both second and third derivatives simultaneously at the same end, only the following were considered as non-classical BCs:
After the implementation of the above BCs all constants (α i ) can be found then X(x) and y(x, t) can be solved. Now, to find the natural frequencies of the above system, the six BCs were applied on Eq. 25 which produced the following system of equations in matrix form: The general steps used in the solution of the above system are as follow: 1) the non-linear algebraic equation (also called associated characteristic equation) was solved: the first four natural frequencies at this c were taken to obtain (c = 600 nm and its equivalent ω 1 , ω 2 , ω 3 , ω 4 ) 2) step (1) was repeated but for c = 700 nm to (c = 700 nm and its equivalent ω 1 , ω 2 , ω 3 , ω 4 ) 3) step (1) was repeated again but for c = 800 nm to obtain (c = 800 nm and its equivalent ω 1 , ω 2 , ω 3 , ω 4 ). This was repeated till Table 4 was filled. 4) the case (c = 600 nm) was considered to find (α 1 to α 6 ) in the above system by satisfying the matrix system: 1-coth sinh -csch sinh
6) y(x, t) was plotted by taking ω = ω 1 and t = 0 while x = variable (x = 0, 0.1L, 0.2L, 0.3L, ….. L) 7) steps from 1 to 6 were repeated for ω 2 . 8) steps from 1 to 6 were repeated for ω 3 . 9) steps from 1 to 6 were repeated for ω 4 .
Results and discussion
In a classical continuum it is assumed that the stresses in a material depend on the first-order derivative of the displacement, i.e. on the strains, and not on the higher order displacement derivatives. As a consequence of this limitation on the kinematic field, a classical continuum is not always capable of adequately describing heterogeneous phenomena. For instance, unrealistic singularities in the stress and/or strain fields may occur nearby imperfections. Moreover severe problems in the simulation of localization phenomena with the classical continua have been encountered. To avoid these types of deficiencies, the inclusion of higher-order strain gradients has been proposed to overcome numerous defects of the classical continuum. The introduction, of higher order strain gradient into the classical stress-strain constitutive equation, otherwise known as the theory of gradient elasticity, has proved to be capable of providing additional information 2  2  2  2  2  2  1  2  3  4  5  6  3  3  3  3  3  3  1  2  3  4  5  6  2  4  2  4  2  4  2  4  2  4  2  4  1  1  2  2  3  3  4  4  5  5  6  6   1  1  2  2  3  3   2  4  2  4  2  4  2  4  4 ( - 
simply supported beam are of the same shape obtained by Abdullah [34] . The main objective of this work was the derivation of the classical and gradient material governing differential equations and the corresponding boundary conditions for the cantilever and simply supported beams. Figures 9-12 show that the gradient material cantilever beam is less stiff than the classical cantilever beam presented in Figures 3-5 . This is due to the fact that a reduced stiffness is observed in the gradient material theory. A new term with minus sign was added in the governing equations to account for the size effect in the gradient material useful for engineering processes which cannot be captured or addressed by classical elasticity. In engineering design for instance, mechanical properties and stressstrain relations of materials are usually based on tests of laboratory specimens. For this reason experiments are often scaled versions of actual structures. However experience has shown that experimental findings generally vary with the size of the specimen, the phenomenon of scale or size effect.
One method for finding the frequency of vibrations of a thin plate is from frequency analysis of a beam. A straight, horizontal cantilever and simply supported beams under a vertical load will deform into a curve. When this force is removed, the beams will return to their original shapes; however, their inertia will keep the beams in motion. Thus, the beams will vibrate at their characteristic frequencies. Results were obtained for the displacement caused by each mode of the beams used in this study at t = 0 to 0.3 s. As time progresses, each mode will vibrate around the zero displacement line. Figures  3-5 show this vibration for the first three modes of the cantilever beam and Figures 6-8 show this vibration for the first three modes of the simply supported beam, higher modes act similarly. The total beam motion is complex; each characteristic mode vibrates with a different size, shape, and frequency. Good agreement has been obtained between the results of the present study for both beams and that determined by Timoshenko et al. [33] . Abdullah [34] utilized Fourier series for the solution of simply supported beams with different loadings in order to arrive at a free vibration. The deflection modes for the formulation. Hence, the total stiffness of the structures decreased in the gradient material theory with respect to the classical theory. The reduced stiffness of gradient material is relatively high in structures having micron and sub-micron scales, and the simulation of this work is also in agreement with it. Altan et al. [6] in their analyses to the consequences of gradient theory on a straight bar subjected to uniform tension, concluded that if the characteristic length is large compared to the gradient parameter (i.e. vanishing size factor) then the results obtained from gradient and classical elasticities coincide. Tables 1 and 2 show the data used to obtain the natural frequency of the cantilever and simply supported beams, respectively, in classical theory. The natural frequencies of the cantilever beam in gradient material approach were found as explained earlier. The results are shown in Table 3 . The size ratio is observed to significantly affect the vibration frequencies. Figures 13-16 show the variations of the natural frequency of the cantilever beam with size ratio c/L. Apparently, frequencies for greater size ratio c/L are significantly lower than the corresponding solutions based on classical vibration. This means that size ratio causes vibration frequency to decrease. Furthermore, the difference is more distinct for higher modes. This is because of the fact that discussed earlier which is the stiffness of the gradient material cantilever beam is lower than the stiffness of the classical cantilever beam, while the density of the beam is the same in both cases, noting that the inertia effects are directly related to the density. On the other hand, the natural frequency is dependent on the ratio of the stiffness characteristics to the inertia characteristics. As this ratio for the gradient material beam is lower as the size ratio increases, the natural frequency for cases with higher size ratio c/L will be lower and vice versa. Another possible explanation is that larger size ratio indicates weaker intermolecular interaction constraints and thus lower stiffness. In other words, the natural frequency increases to the classical value for vanishing size ratio c/L. Hence, the validity of the inverse solution is established. In addition, the classical theory without size effect overvalues the vibration frequency for nanostructures. The same trend observed regarding the stiffness of the cantilever beam is also observed in the simply supported beam. Figures 17-20 show that the gradient material simply supported beam is less stiff than the classical simply supported beam presented in Figures 6-8 . The same explanation applies here too. That is a new term with a negative sign was added in the governing equations to account for the size effect in the gradient material formulation. Hence, the total stiffness of the structures decreased in the gradient material theory with respect to the classical theory.
The natural frequencies of the simply supported beam in the gradient material approach were found as explained earlier in previous section. The results are shown in Table 4 . Figures 21-24 show the variations of the natural frequency of the simply supported beam with size ratio. The figures show lower natural frequencies for the simply supported beam with greater size ratio c/L, and they increase to approach the classical natural frequency value as the size ratio c/L approaches zero. Again, this is because of the dependence of the natural frequency on the ratio of the stiffness characteristics to the inertia characteristics. As this ratio for the gradient material beam is lower as the size ratio c/L increases, the natural frequency for cases with higher size ratio c/L will be lower.
Conclusion
This article addressed the elastic prismatic EulerBernoulli straight beams in bending and examined the one-dimensional formulation of the gradient elasticity problem using two different governing equations: the gradient elasticity bending moment equation (fourth order) and the gradient elasticity deflection equation (sixth order). Special emphasis was given to the study of the influence of the choice of boundary conditions. Different geometric boundary and support conditions were examined and the corresponding extra gradient elasticity boundary conditions were obtained. The governing equations and boundary conditions were derived to ascertain their consistency. Considering the gradient material elasticity theory, the free vibrations of a cantilever beam loaded by an end force and a simply supported beam disturbed by a concentrated force in the middle of the beam were solved via an exact, analytical approach. Exact free vibration frequencies and mode shapes were derived and presented. The difference between the gradient material elasticity solution and its equivalent classical elasticity one was revealed. The size ratio induced significant effects on vibration frequencies. For both beams, increases in the size ratio c/L caused the vibration frequencies to decrease which imply lower beam stiffness. Numerical examples show this behavior explicitly and recover the classical vibration behavior for vanishing size ratio c/L.
The article also concludes the governing equation of motion for a gradient material beam can be formed by replacing the bending moment term in the classical equation of motion with a size effect bending moment term as presented herewith. The result is no longer a fourth-order partial differential equation but can be simplified into a sixth-order differential equation with six corresponding higher order boundary conditions.
It is well known that the microstructure of a material plays a very significant role in its deformation process. In this light, the gradient elasticity theory has been shown to provide additional information, which the classical elasticity theory is incapable of providing because of the absence of an internal length parameter. Moreover, a relation is shown to exist between the characteristic size of a structure and its internal length parameter. With this relation, it is possible to reveal the well-known phenomenon of size and scale effect.
